Abstract. In this paper, we show that stability of a vector bundle over a projective manifold is equivalent to the embedding of the base manifold induced by the global sections into the Grassmanian can be moved to a balanced place in the sense of Donaldson, thus verifying a conjecture of Donaldson.
Introduction
The stability of a vector bundle over a projective manifold has been studied extensively. In order to construct a good moduli space for the bundles over a projective variety, various notions of stability have been introduced. Mumford first introduced Mumford stable vector bundles (c.f. [NS] ). Later Gieseker introduced a new notion of stability which is now called Gieseker stablility when he was constructing the moduli space of vector bundles over complex surfaces. It turns out that the notion of Gieseker stablility of vector bundles fits nicely into Mumford's Geometric Invariant Theory, so the GIT machinery of constructing moduli spaces can be effectively applied to this case. (c.f. [S] )
The differential-geometic picture of stability turns out to be very fruitful as well. The Mumford stability of a vector bundle fits perfectly into the infinite dimensional symplectic quotient picture. Specifically, Mumford stability of a vector bundle over a projective manifold is equivalent to the existence of HermitianYang-Mills metric, which amounts to solving a 2nd-order elliptic PDE arising from the moment map of a Hamiltonian action of the infinite dimensional gauge group on the affine space of connections on that vector bundle. This correspondence was established by , [D3] , [UY] ).
But for Gieseker stability, the differential-geometric interpretation of this condition remained somewhat unclear until Leung's thesis [Le] first gave a differential-geometric and also a symplectic quotient interpretation. Recently, in [D4] , inspired by the work of Luo (c.f. [Luo] ) Donaldson suggested an analogous way of looking at the stability problem for vector bundle. Instead of looking at the space of connections, he looked at the mapping space of the base manifold into the Grassmannian. He conjectured a geometric criterion which is very similar to Luo's criterion for stability of projective manifold, namely the Balanced place condition (see the following theorem) of the embedding is equivalent to the stability of a holomorphic vector bundle over a Riemann surface. This point of view was also taken by Uhlenbeck and Yau [UY] , in their paper, in order to prove the existence of Hermitian-Yang-Mills metric, they perturb the equation and study the limit of the perturbed equation as the perturbation parameter goes to zero. In that case if the vector bundle is not Mumford stable then the solution will blow up and this blowing up give rise to an meromorphic map from the base manifold into Grassmanian which pulls back a destablizing subsheaf of the original vector bundle. The author also learned from Professor Yau that he and Conan Leung have had the similar idea to attack the stability for vector bundles over almost complex manifolds.
Our main result of this paper is to confirm Donaldson's conjecture. Actually what we show is a little more general. We obtain the same conclusion for vector bundles over any projective manifold, and the correct notion of stability should be in the sense of Gieseker whereas in the Riemann surface case Gieseker stability and Mumford stability are the same. Theorem 1.1. Let E be a holomorphic vector bundle over a polarized projective
is Gieseker polystable if and only if there is a number M such that for k > M, the embedding:
given by the global sections of H 0 (X, E(k)) can be moved to a balanced point, i.e. there is a g ∈ SL(N ) which is unique up to left translation by SU (N ), where
N is an orthonormal basis of the corresponding r-plane in Grass (r, N ), i.e. A is the coordinate for Grass (r, N ) . I N ×N is the identity matrix.
The paper is organized as follows. In Section 2, we recall some basic facts of GIT, introduce various notions of stability, and finally give some equivalent criteria like how to tell if a vector bundle over a projective manifold is Gieseker stable or not. In Section 3, we give a symplectic picture of the mapping space and study the relation between the position of the base manifold in the Grassmanian and the stability of the vector bundle. The main theorem will be proven in this section. In Section 4, we describe the differential geometric interpretation of the Balanced point in the mapping space and its relation to Leung's equation and the heat kernel.
Gieseker Stability of Vector Bundles
In this section we are going to give the GIT criteria for Gieseker stability of a vector bundle over a polarized projective manifold.
Definition 2.1. Let (X, O X (1)) be a polarized projective manifold with a very ample line bundle O X (1), and E be a vector bundle over X. Define
where 
Now E can be viewed as a point In order to check the stability of a point we have the following useful criterion. Let λ : G m → G be an non-trivial one-parameter subgroup of G. Then the action of G on X induces an action of G m on X. Since X is projective, the orbit map 
Now we come back to our discussion of vector bundles over X. Let R be the open set of semi-stable sheaves in Quot (H, p) , E the universal quotient sheaf over Quot (H, p) . Then we have the following diagram:
) be the determinant line bundle over Quot (H, p) . It is very ample and linearized with respect to the SL(V ) action on Quot (H, p) in the GIT sense for k >> 1. Thus we can speak of semistable and stable points in the closure R of R in Quot (H, p) with respect to L k and the SL(V ) action. The following theorem is due to Simpson [S] , which justifies the equivalence between the Gieseker slope stability in Definition 2.1 and GIT stability.
Theorem 2.2. Suppose that m and, for fixed m, also k, are sufficiently large Let M (X, p(k) ) denote the moduli space of Gieseker stable sheaves with Hilbert polynomial p(k), then an immediate corollary is the following (c.f. [S] ).
Corollary 2.1. M(X, p(k)) is a quasi-projective scheme and it is the GIT quo
In order to prove the main theorem of this paper, we need to use another stability criterion proved by Gieseker [G] .
Definition 2.5. Suppose E is a rank r globally generated vector bundle on X, and {s
). Again we can sat whether the point
is stable or not. In particular we have the following theorem due to Gieseker (c.f. [G] , [HL] ).
Theorem 2.3. There is an M so that if k > M, then E(k) is Gieseker stable (resp. semistable) if and only if T (E(k)) is stable (resp. semistable) under the action of SL(H 0 (E(k)). Moreover, the orbit of T (E(k)) is closed if and only if E(k) is Gieseker polystable.
Remark 2.2. Actually, Gieseker proved a bit more, in order for the theorem above to hold we only need to assume that E is a torsion free sheaf.
Symplectic Quotient Picture
In this section, let us first recall some basic facts from geometric quantization and the symplectic quotient picture which can be found in e.g. [DK] . Let (V, ω) be a Kähler manifold.
To be more explicit, the Hermitian structure defines a function h :
α is a 1-form on L−{0} and defines the canonical S 1 connection: ifξ is the vector field generating the inifinitesimal action of S 1 on L given by multiplication by e 2πiv fiberwise, then iṽα = 1 and Lṽα = 0. We see that:
Let G be a compact Lie group, and let G C be its complexification. We identify g C = g ⊕ ig where g C and g are the Lie algebras of G C and G respectively. We consider actions of G C of the following type:
2
) The induced action G × V −→ V acts by isometries with respect to the Kähler metric; 3) G acts symplectically with respect to ω.
Notice that 1) and 2) are equivalent to 1) and 3). Throughout the rest of this section we assume that V is a quantized Kähler manifold and with a G C -action satisfying Assumption 3.1.
Definition 3.2. A linearization of the G C action on V is a holomorphic action of G C on L covering the action on V, and such that G acts unitarily on the fibers.
We will use the notation that if a ∈ g thenã ∈ Vect (V ) is the vector field generated by the infinitesimal action of a andã ∈ Vect (L) is generated by its lift. Notice that a →ã is a anti-homomorphism of Lie algebras so that [a, b] 
For any symplectic manifold (V, ω) with a symplectic action of a compact group G, we have the notion of a moment map. 
, where a ∈ g. In the following we will use the notation:
Then we have the following proposition. (c.f. [DK] , [B] ) 
Remark 3.1. Notice that this definition is equivalent to Definition 2.4 in the case that
The following two lemmas are standard (c.f. [B] ); for completeness, we include a proof here. 
Proofs of Lemmas 3.1 and 3.2. Since the function g → h(g·ξ x ) is constant along G orbits, it descends to a function on
h(ξ x ) S x does not depend on the choice of ξ x and is proper if and only if x is analytically stable. Lemma 3.1 is equivalent to the statement that S x is proper if and only if it is proper on each line through the origin.
For Lemma 3.2, assume first that S x is proper. Then for any a ∈ g, the real function defined by L a (t) = log(S x (ta)) is proper. We calculate that
where L e ita is the left multiplication by e ita . J is the complex structure, J(∂h) = i∂h and J(∂h) = −i∂h so we have
and so
where · V is the Kähler metric on V .
Ifã x = 0 then L a (t) will be constant and not proper, hence x cannot have any infinitesimal stablizers and q a (t) is strictly convex. The function e L a is also strictly convex. This implies that the Hessian of S x at the origin, Hess (S x )(0) > 0. But Hess (S x )(a) = Hess (S e ita x )(0), which by the same analysis must also be positive definite. S x is a strictly convex, proper function so it has exactly one critical point which is an absolute minimum. By equation (1), such a point determines a unique G-orbit in the G C -orbit of x on which µ ≡ 0. Conversely, assume x has no infinitesimal stablizers and G
We need to show that S x is proper, which by above analysis is clear since S x has a unique critical point and is convex along geodesics. Hence S x is proper. Now let us bring the previous setup into our situation. Here our projective manifold V is Grass (r, N ) the complex Grassmanian with the standard FubiniStudy Kähler form. G := SU (N ) and G C := SL(N ), in this case the moment map is given by the following formula:
where A N ×r := [ a 1 , ..., a r ], and { a 1 , ..., a r } ∈ C N is an orthonormal basis for the r-plane in Grass (r, N ), in particular A * r×N A N ×r = I r×r . We know that (Grass (r, N ), L) is quantized, where the line bundle L is exactly the determinant line bundle of the universal quotient bundle equipped with the Fubini-Study metric h F S induced from the standard metric on C K+1 .
where K = N r − 1 and pl is the Plücker embedding. We want to write down the distortion function S x for the action of SL(N ) extending SU (N ).
Suppose that x := { a 1 , ..., a r } ∈ Grass (r, N ), Then
where ξ x is a lift of x in L, and | · | C K+1 is the standard euclidean metric and x means the lift of x ∈ P K in C K+1 . Clearly that S x (g) is independent of the choice of the lift. Now we are trying to relate this setting to our bundle case. Let us consider the infinite-dimensional manifold Map (X, Grass (r, N )) of smooth maps from X to the Grassmannian. The tangent space at the point f ∈ Map (X, Grass (r, N )) is given by v ∈ Γ(X, f * T Grass (r, N )). We define the symplectic form as follows to make it a symplectic manifold:
where v, w ∈ Γ(X, f * T Grass (r, N )) and ω F S is the Fubini-Study Kähler form on Grass (r, N ).
Lemma 3.3. Ω is closed.
Proof. We have the following diagram:
clearly it is closed. Now SU (N ) action on Map (X, Grass (r, N )) is induced by the action on Grass (r, N ); it is a Hamiltonian action and the moment map is given by the following:
Proof. At the point f ∈ Map (X, Grass (r, N )) we have:
where a ∈ sl(N ),ã ∈ T Grass and ·, · is the pairing between g and g * . Ad * -equivariance is clear.
Remark 3.3. Actually it is easy to see that Map (X, Grass (r, N )) is a infinite dimensional Kähler manifold (c.f.[H]).
Let Map E denote space of holomophic maps from X to Grass (r, N ) with the homotopy type governed by bundle E, which is a finite dimensional space. At smooth points it is actually a Kähler submanifold of Map (X, Grass (r, N )). Following the notation in Definition 2.2, for k >> 1 we can easily get the following Remark 3.4. There is a canonical injection j such that the following diagram commutes.
) is the open subset corresponding to the irreducible holomorphic vector bundles over X.
Let us introduce the functional we are going to use Lemma 3.5.
along the geodesic which is the translate of exp (ita), for a ∈ g, whereã is the induced vector field on Grass (r, N ), and · Grass is the standard metric on Grass (r, N ).
In particular L(g) is strictly convex along geodesics of SL(N )/SU (N ).
Proof. It follows directly from Lemma 3.1 and 3.2. Now bring the vector bundle into our picture. Suppose E is a vector bundle over X, and suppose k > M where M is the constant in Theorem 2.3. Then we can use global sections of E(k) to embed X into Grass (r, N ) where N = p(k) and p(k) is the Hilbert polynomial of E. So we get the following diagram: 
. . .
. .
Actually we could use
independent of the choice of the orthonormal frame we choose. We can write down the Fubini-Study inner product
·, · F S on U r → Grass (r, N ) of sections {Z 1 , ..., Z N } at the point [A] ∈ Grass (r, N ):   Z 1 , Z 1 F S . . . Z 1 , Z N F S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Z N , Z 1 F S . . . Z N , Z N F S   x∈X = A(A * A) −1 A * | x∈X where A * :=Ā t .
The above formula gives the relation between the FubiniStudy metric and the original metric on E. Note that A(x)A(x)
* is independent of the choice of the orthonormal frame and it is the inner product matrix SL(N ) acts on this embedding; the action on the function L(g) can be expressed in the following way:
with respect to the original Hermitian metric h on E(k). Also we see that A(x) * A(x) is well-defined as a bundle morphism (because a change of the frame will end up with a conjugation on this matrix which obeys the transformation law). Now if we have A(x)
Here we abuse slightly the notation, where | · | is the standard euclidean norm in C K+1 , and the Z i s are as above, Z i 1 ∧ ... ∧ Z i r is the lift of the corresponding point in P K and g ∈ SL(N ). What we really have in mind in fact is the following diagram:
. Suppose E is a vector bundle over X, then E is Gieseker stable if and only if there is a number M such that for k > M, the function L : SL(N )/SU (N ) −→ R corresponding to the embedding with the fixed ba-
Before we prove the theorem, let us use Kempf-Ness's criterion in Section 2 and Lemma 3.1 to reformulate Theorem 2.3. Recall that the Hermitian metric h on E induces an L 2 -metric on H 0 (E(k)). We pick an orthonormal basis of H 0 (E(k)) with respect to this L 2 -metric to give an embedding i :
where U r is the universal quotient bundle over Grass (r, N ), it has the induced Fubini-Study metric from the Grass (r, N ) which is of course different from the original one in general. Integrating the Fubini-
. Theorem 2.3 can be formulated as the following:
Proposition 3.2. There is an M so that if k > M, then E(k) is Gieseker stable if and only if :
is a proper function on SL(N )/SU (N ).
Proof. Let (W r i
i , h i ),i = 1, 2 be two finite dimensional vector spaces of dimension r i with Hermitian metrics h i and T : W 1 → W 2 be a linear map. Then the operator norm T h 1 ,h 2 which depends on h 1 and h 2 can be computed as follows.
Pick an orthonormal basis of {w
In our case we use the Hermitian metric on E which induces a Hermitian metric on H 0 (E(k)), and hence on ∧ r H 0 (E(k)). For the metric on det(E(k)) we use the Fubini-Study metric induced from the embedding into P K instead of the induced metric from h on E. The Fubini-Study metric also induces an L 2 -metric on H 0 (det(E(k)), so we get a Hermitian metric on
Using Lemma 3.1 completes the proof.
Lemma 3.6. Let (L, h) be a holomorphic line bundle over X with a Hermitian metric h. Let s ∈ H 0 (L) satisfy the following condition:
Then there is a universal constant C > −∞ depending only on L, in particular independent of the choice of s, such that:
Proof. Clearly, we only need to show the case where
since log a ≥ 0 for a ≥ 1, that boils down to showing that the function 
For any given > 0 we first pick a δ > 0 such that the third term is less than /8, which is possible because log
Fix this δ > 0 we can choose M > 0 such that for i > M we have the second term less than /4; we can do this because of (17). Also use (17) we can make the first term small enough say < /2. The first term goes to 0 as i → ∞. So the sum of these three terms will be less than . This completes the proof of continuity of the function F . Now since holomorphic sections satisfying the equation (13) with equality lie on the unit sphere of a finite dimensional vector space which is compact, so clearly F has a lower bound which only depends on (L, h) and the geometry of X. Proof of Theorem 3.1. In order to show that L has a critical point, since L is convex along geodesics on the symmetric space SL(N )/SU (N ), the only thing we need to show is that L is bounded from below and proper if E(k) is Gieseker stable. We need to show that for any sequence G (13) of Lemma 3.6, where K = N r − 1 as before. So we have the following:
where C is the constant in Lemma 3. 
where w i s are the weights. The restriction of L to λ (G m ) is:
which is proper and bounded from below on G m , because 
Although i<j (w i + w j ) = 0, it is possible that some of Proof. Note that from Theorem 1.1 we see that E(k) is Gieseker stable if and only if the integral of the moment map µ Grass over g 0 · X ⊂ Grass (r, N ) is 0, which means {Z 1 , · · · , Z N } ⊂ H 0 (X, E(k)) (up to a scalar) is an L 2 -orthonormal basis with respect to the Fubini-Study metric on E over g 0 · X, and Next we are going to explain the relation among Bergman kernel, heat kernel and the equation derived by Leung. Let us recall the heat kernel of the operator ∂ on Ω 0, * (X, E) and the local Atiyah-Singer index theorem. The Dirac operator for Kähler manifolds can be identified as D = √ 2(∂ +∂ * ) acting on Ω 0, * (X, E). Let H t (x, x) denote the restriction of the heat kernel of D 2 to the diagonal of X × X. Then by the local Atiyah-Singer index theorem (c.f. [BGV] ), the limit of the supertrace of H t (x, x) exists as t → 0. More precisely:
where R(E) is the curvature form of E. Let L := O X (1) and fix a Hermitian metric h on L such that the Kähler form ω on X is given by Ric(h). In [Le] Leung proved the following theorem.
